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is, if there are only two data sets, identical with' the 
more special condition (2) given by Abrahams & Keve 
(1971); the sum over i in (A2) can be transformed 
into (Smh) 2. Note that minimization of s in (A2) by 
simply putting Os/Ogi = 0, i = 1 , . . . ,  n, often does not 
converge, cf. Sparks (1970). The arrays in Fig. 3 were 
approximated by straight lines t~mexpe r = a + bSmexpect 
and the values of a and b are given in Table 2 together 
with their e.s.d.'s. 

The values of Q, trQ and s o inTable 2 and the plot 
given in Fig. 3(a) for the data before the X 2 test show 
clearly one or both data sets to deviate from a normal 
distribution in accordance with the large Q values 
1.14 and 1.13 given in Table 1. The Q values 0.96 
and 0.98 for the two data sets after the X 2 test may 
indicate slightly overestimated variances leading to a 
slope of the normal probability plot less than unity, 
which is in accordance with the numbers in Table 2 
and with the plot in Fig. 3(b). 

This work was made possible by a grant from the 
Deutsche Forschungsgemeinschaft and by the sup- 
port of Professor Th. Hahn. The program for the 
least-squares refinement was written by E. Nowack 
and the drawings were prepared by R. Becker. The 
criticism of a referee of Acta Cryst. on the first version 
of this paper encouraged the author to develop the 
relations (9) to (13) and (21). 
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Abstract 

A general approach to the search for an optimal 
strategy of surveying reciprocal space is considered. 
It consists in determining a set of photographs that 
give the maximum number of structure factors in the 
minimum exposure time. Such a set of photographs 

0108-7673/85/020195-09501.50 

satisfies the required strategy if the following initial 
conditions are fulfilled: the given completeness of the 
data set, the resolution limit, the crystal setting and 
the technical conditions of the method used for the 
data-set collection. A general algorithm is applied to 
the screened precession and screenless rotation- 
oscillation methods used in protein crystallography. 

© 1985 International Union of Crystallography 
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Table 1. D a t a  collection statistics 

Space group 
Protein and cell Method 
and parameters of data 
reference (,~) collection 

Beef liver catalase P3221 Rotation 
(Murthy et al., a = 104.0 
1981) c = 104.0 

Tokyo/3/67 /422 Rotation 
neuraminidaze a = 139.6 
(Varghese, Laver & c = 191.0 
Colman, 1983) 

L-arabinose- 
binding protein 
(Gilland & 
Quiocho, 1981) 

Aspartate car- E ~ ]F~, - F2,] Native 2.8 146 156 24 369 9.13 
bamoyi transferase 7. Y. IF~, zm MSA 2.8 74 777 22 525 9.41 
(Honzatko et al., + Fh, i UO2(NO3)2 2.8 50 666 22 277 10.51 
1982) KAu(CN) 2 2.8 69 t71 22 599 9.83 

Cytochrome c' P2~2~2~ Multiwire Native 2.5 81 380 18 513 6.2 
(Weber et al., a = 56.6 area detector * K2PtCI 6 2.5 71 072 10 881 7.4 
1980) b = 71.8 K2HgI4 2.5 67 994 14 082 6"8 

c=75 .6  

Glyceraldehyde P2~2t21 Rotation * Native 2.5 72 135 27 783 
3-phosphate a = 132.7 PtCI4 2.5 50 449 17 449 
dehydrogenase b = 125.8 HgI4 2.5 75 118 23 698 
(Leslie & c = 98.9 
Wonacott, 1983) 

P2~2,2, Diitractometer 
a=55-5  
b =71.8 
c = 77.8 

P321 Rotation 
a =  122.1 
c=  142.1 

Number of R 
Formula of  Resolution Number of  independent factor 

R factor Compound (,~) observations reflexions ( % )  

Y. ~" IF, 2, - F2,I Native 2.5 168 293 40 624 10.3 
~ F~ Mersalyl 2.5 119 902 32 538 9.2 

PtCI 4 2.5 91 303 31 742 8.5 

ZY. lF,2-F2hl Native 3.1 45266 10953 11-9 
~" ~ F~, Diamino- 

dinitroplatinum 3.1 50 t08 10 484 11.9 
Mercury phenyl 

glyoxal 3.1 28 325 8606 10.3 
Sodium tungsten 3. I 24 329 8363 11.8 
Sialic acid 3.1 26 138 9313 11.4 
Lactose 3.1 28 401 8667 11.3 

y y 2 
. . . .  IFh,-,~! Native 2.4 37737 12645 3.4 

~ F---~h Cdl2 2.4 19 228 10 885 3"5 
pCMBS 2.4 32 313 12 508 5.4 

Note: F2h, is the scaled intensity from the ith film for reflexions h. F--~h is the weighted mean value for all observations of reflexion h. 
* Formula for R factor was not reported by the authors of cited papers. 

5.6 
l l . 0  
9.4 

The proposed method allows also quantitative evalu- 
ation of different strategies of surveying. The usual 
intuitive approach is shown to overestimate the num- 
ber of photographs. The optimal strategy reduces the 
total exposure time by up to 50%, which leads to a 
decrease in the necessary number of single crystals. 

Introduction 

Protein molecules crystallize in large unit cells and 
are subject to radiation damage. Therefore it is impor- 
tant to use the most efficient method for collecting 
three-dimensional structure factor data, i.e. the given 
number of structure factors should be measured in 
the minimum time (Arndt, 1968; Blundell & Johnson, 
1976; Schutt & Winkler, 1977). Two approaches to 
this problem are available. The first is the develop- 
ment of  new techniques, for example, to improve the 
quality of  the X-ray beam and X-ray detectors. The 
second concerns the optimum strategy of surveying 
reciprocal space. In the following discussion we shall 
consider only the second approach. 

Schemes of surveying reciprocal space can be 
classified as zero-, one-, two- or three-dimensional 
depending on whether they survey a point, a line, a 

plane or a volume element of this space (Arndt, 1968). 
Single-counter diffractometers, screened precession 
and oscillation cameras are widely used in protein 
crystallography. These apparatus use zero- two- and 
three-dimensional schemes, respectively. 

The zero-dimensional scheKae provides wide 
possibilities for selecting a way of surveying 
reciprocal space. In this case the optimum strategy 
reduces the time of measurements of the intensity of 
the individual diffraction maximum (Blundell & 
Johnson, 1976). However, the strategy of surveying 
is much more important for the two- and three- 
dimensional schemes because of recording a large 
number of symmetry-related reflexions. Therefore, 
the number of spots measured on the photographs 
exceeds the number of points in the asymmetric part 
of  the reciprocal lattice (Honzatko et al., 1982; 
Murthy, Garavito, Johnson & Rossmann, 1980; 
Weber, Paramokos, Bode, Huber, Kato & Laskowski, 
1981). 

It should be noted that the measurement of a large 
number of equivalent reflexions does not ensure the 
same increase of  the structure-factor accuracy (Table 
1 ). For example, the sets of structure factors of heavy- 
atom derivatives of  beef liver catalase (Murthy, Reid, 
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Sicigano, Tanaka & Rossmann, 1981) have a smaller 
number of equivalent reflexions, in comparison with 
the native crystal, but the values of R factors of these 
sets are lower. Therefore one can decrease the 
exposure time and obtain the required accuracy of 
structure factors even if the number of equivalent 
reflexions is smaller. 

The number of ways of surveying reciprocal space 
increases essentially if one surveys only a part of the 
whole asymmetric unit. In this case, a loss of the 
quality of the Fourier synthesis is inevitable. 
However, there are many examples of successful 
determination of three-dimensional protein structures 
when only 70-90% of the asymmetric unit was sur- 
veyed (Donald, Musick & Rossmann, 1979; Stam- 
mers & Muirhead, 1977; Weber et al., 1981). 

The ways of searching for the optimum strategy of 
surveying reciprocal space have been discussed by 
Schutt & Winkler (1977), who showed that about 90% 
of the reciprocal-lattice points may be recorded by 
the oscillation method for Laue group m3 if the 
crystal is rotated only within limits of about 20 ° . The 
same results have been obtained for the screened 
precession method (Nikonov & Chirgadze, 1981). In 
this paper a general approach is proposed to search 
for the optimum strategy of surveying reciprocal 
space. This approach has been applied to the screened 
precession and oscillation methods of data collection. 

Principles of optimal planning of surveying 
reciprocal space 

A series of contiguous photographs should be taken 
to collect a three-dimensional data set of structure 
factors. To select the optimum data-collection 
strategy, it is necessary to know, at least, two para- 
meters of the structure-factor set: resolution limit, 
drain, and data-set completeness, r/. The r/value can 
be determined as the ratio of the number of the 
structure factors measured in the given set and the 
number of points in the asymmetric unit of reciprocal 
space. Three factors limit the number of ways of 
surveying reciprocal space: (1) the geometry of the 
data-collection methods and technical parameters of 
the camera; (2) the necessity of bringing the photo- 
graphs to a common scale; (3) the type of crystal 
setting. 

The first is connected mainly with the possibility 
of recording any photograph that should be taken to 
collect the three-dimensional data set. The second 
determines the required minimum number of com- 
mon reflections, N~, on different photographs 
(Hamilton, Rollett & Sparks, 1965; Rossman, Leslie, 
Abdel-Meguid & Tsukihara, 1979). 

The best crystal setting will correspond to the 
minimum number of required photographs. In the 
screened precession method, the unique axis of the 
highest Laue symmetry must be set along the camera 

spindle axis (Azaroff, 1954; Buerger, 1964). In the 
rotation method the same setting has been shown to 
be appropriate for crystals producing all Laue groups 
(Wonacott, 1977) except the cubic one. In the case 
of the cubic m3 Laue group tile [ 101] direction should 
be set along the camera spindle axis (Schutt & 
Winkler, 1977). However, in practice for some reason 
the optimum crystal setting is often impossible. The 
planning of a survey of reciprocal space with different 
crystal settings allows the optimum strategy of data 
collection to be found. 

The problem of the optimum way of data collection 
consists in the search for a method of surveying the 
reciprocal space that allows one to obtain the required 
set of photographs with the minimum total exposure 
time. It is possible to solve this problem in the follow- 
ing way. Let us find a countable initial set M of 
photographs, where M is the number of all photo- 
graphs to be recorded at the given conditions. To 
create this set, it is necessary to take into account the 
symmetry and setting of the crystal, the data set 
resolution and the technical parameters of the camera. 
Then we can select a countable subset, m, of photo- 
graphs that satisfies the condition of optimization 

T(m) = min, ifrl>-rloandNT>-N~, (1) 

where T(m) is the total exposure time of the set m 
of photographs, r/o is the given completeness of the 
data set and N7 is the number of common reflections 
on the ith photograph. 

A correct solution of this problem presents con- 
siderable computational difficulties. Indeed, the 
structure-factor set consists of a large number of 
independent reflexions, which can be measured from 
a large number of photographs. However, the number 
of structure factors added to the set by every sub- 
sequent photograph depends on the completeness of 
this set, as some reflexions may be recorded on few 
photographs of the initial set. 

We propose to search for the solution of this prob- 
lem using the following approximation. We will create 
the required optimum set of photographs by a con- 
tiguous selection of photographs with maximum 
efficiency from the initial set of photographs. The 
efficiency of a photograph can be determined as 

e,(m)= AN~(m)/ T~, (2) 
where ANi(m) is the number of structure factors 
added by the ith photograph to the m set of photo- 
graphs, T~ is the exposure time of the ith photograph. 

The number of added structure factors from the 
ith photograph is determined as 

AN~(m)= N i -  N~-  NT(m), (3) 

where Ni is the total number of reflexions on the ith 
photograph, N~ is the number of symmetry-related 
reflexions, NT(m) is the common number of sym- 
metry-independent reflexions on the ith photograph 
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that has been recorded on the other photographs, 
already inserted into the data set. 

The exposure time of any photograph can be evalu- 
ated from the Lorentz factor of reflexions that are 
surveyed in the most unfavourable conditions. These 
are to use the most 'rapid' reciprocal-lattice points 
passing through the Ewald sphere with the maximum 
velocity. 

The logical flowchart for creating the optimum set 
of photographs is shown in Fig. 1. This algorithm is 
valid for any method of data collection but the details 
of the calculation are very specific. We have realized 
this algorithm for both the screened precession and 
oscillation methods. 

Optimization of surveying reciprocal space in the 
screened precession method 

The optimization of surveying reciprocal space in the 
screened precession method was discussed by us 
earlier (Nikonov & Chirgadze, 1981). It was shown 

START 

° r me'er  an" I ,ec o,c , 
k 

Set  the resolution limit, data set completeness ,  rio. cwstal  setting I 
| and minimum numbers  of common refiex~ons on any photograph N~ I 
L 1 

Calculate the boundaries of the asymmetr,c area and the total I 
i 

number of reflexions in this area I 
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1 
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I 
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and the statistics of the optimized 
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<( 
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Fig. 1. Flowchart of  the algorithm for an optimizing survey of 
reciprocal space. M is the number of photoglraphs in the initial 
set, m is the number of photographs in the data set, 77 is the 
completeness of the data set. 

that the parameters of an initial set of photographs 
can be calculated in the spherical area of reciprocal 
space with the radius * d m i  n - -  h / d m i  n using the follow- 
ing relations: 

• -Idmin • -I ~'i 
/~i=sin - - - s i n  (4) 

2 d*min' 

u~ = sin- 1 dmin + sin-~ ~'i , , ( 5 )  
2 dmin 

~:;(max)=d*minCOS(sin -1 sr~ ) --g-- , (6) 
d m i n  

~i(min) d'rain cos sin -I , (7) 

where A is the wavelength of X-rays; ~ is the pre- 
cession angle; u~ is the half-angle of Laue cone, £i(max) 
and ~:~(min) are the outer and inner radii of the 
exposure zone on a photograph; ~r; = mjA~rj is the 
distance of the ith plane from the reciprocal-lattice 
origin; mj is the number of planes in a plane family; 
A~) is the interplanar spacing in the j th family. 

The values (4)-(7) are the functions of only two 
variables d'rain and ~lsrj. At the given crystal setting the 
spacing Asr j determines the type of the plane family. 
To select the plane family, one must take into account 
the symmetry of reciprocal space, the population of 
points on the plane and the technical parameters of 
the precession camera. Sometimes it is impossible to 
obtain the required completeness of the data set at a 
given resolution. In this case the * dm~, value should 
be increased or the ~7 value decreased. 

The calculation of the ANi(m) value using the 
screened precession method is connected with con- 
siderable difficulties as the planes of different families 
intersect, which leads to multiple recording of some 
groups of reflexions. The situation may be simplified 
by using only one crystal setting. In this case, all 
reflexions are arranged in parallel rows. Then it is 
possible to find the non-integer indices ht, k,, l, of the 
row ends situated on the sphere of the d*i, radius 
from the expression 

drain = hta* + ktb* + lie*, (8) 

where a*, b*, c* are axial reciprocal-lattice vectors. 
In this expression only one index is independent 

and the two others are determined by the crystal 
orientation and the row position. Denoting the 
independent index as Aj we can determine the length 
of a row as 

Lj=(a j2-a j , ) t* ,  (9) 

where Aj~, Ajz are values of the index Aj at the sphere 
surface, t* is the reciprocal-lattice translation along 
the row direction. 

The total number of reflexions that belong to the 
jth row and are recorded from the ith photograph 
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(Fig. 2) is expressed as 
2 ~2 "~ql/2"l 

NO= Integer g-[L]-4(~i(max)- cSi(rnin)]] t* l (10) 
Integer here means only the integer part of the 
expression. 

Hence, the number of reflexions added to the j th  
row of the structure-factor set by the ith photograph 
is determined as 

ANo(m)=No-N~-N~(m) ,  (11) 

where N,~ is the number of symmetry-related 
reflexions of the j th  row recorded on the ith photo- 
graph, N~(m) is the number of symmetry-indepen- 
dent common reflexions o f the j th  row inserted earlier 
in the structure-factor set. Then 

r l  a 

ANi(m)= E ANo(m), (12) 
j = I  

where n,, is the number of symmetry-independent 
rows on the photographs of the structure-factor set. 

Now let us evaluate the exposure time of any photo- 
graph: It was shown (Nikonov & Chirgadze, 1981) 
that in the precession method the Lorentz factor of 
the most 'rapid' reciprocal-lattice points is propor- 
tional to the area of the exposure zone of a photo- 
graph. Then 

T/ 2 2 
= ~ i ( r r l a x ) -  ~i(min),  (13) 

and the efficiency of the ith photograph is 

ANo(m) 
~i(m) ~=~ - .T- 2 • (14) 

~i(max) --  ~i(min) 

The possibilities of the screened precession method 
can be improved considerably by recording two or 
more reciprocal-lattice levels on one photograph. The 
conditions of such a recording were determined in a 
previous paper (Nikonov & Chirgadze, 1981). 

Optimizat ion of surveying reciprocal space in 
the rotat ion-osci l lat ion method 

In the rotation method the recording elements of 
reciprocal space are similar to one another at the 

0 

1 

Fig. 2. Schematic diagram of a precession pattern. In this figure 
DE= Lj. 
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given resolution and crystal setting. These elements 
differ only by the values of oscillation angles A~oi and 
the population o f  reciprocal-lattice points iri their 
volumes. A large value of the oscillation angle leads 
to a decrease of the relative number of partially 
recorded reflexions. On the other hand, the maximum 
permissible range of A~oi must secure the minimum 
number of overlapping reflexions and the optimum 
signal-to-noise ratio (Wonacott, 1977). Sometimes the 
value of Aq~i is limited by the radiation damage of 
the crystal and the collimation conditions. 

In order to obtain the maximum number of struc- 
ture factors for one setting of the crystal, it is necessary 
to rotate the crystal within the angle (Wonacott, 1977) 

q~max = 27r/n (15) 

provided the n-fold axis of the crystal symmetry is 
aligned parallel to the rotation axis. Then the number 
of non-overlapping photographs M in the initial set 
is determined from the equation 

M 

E A('pi = ~Ornax. (16) 
i= l  

We have suggested that symmetry-related 
reflexions can be recorded only on one or two photo- 
graphs, no more. Indeed, the symmetric region of a 
recording element contains two identical parts; one 
of them enters the Ewald sphere and the other leaves 
it. If the rotating area ~o_< ~max, the whole exposed 
volume of the reciprocal space cannot exceed the 
double volume of the asymmetric area. Therefore, if 
a reciprocal-lattice point is assumed to have three or 
more symmetry equivalents in the exposed zone, then 
at least the (n - 2 )  unexposed symmetry-related parts 
of the reciprocal space must contain ( n -  3) or fewer 
symmetry-related points. However, this is impossible. 
The deduced regularity permits us to represent the 
distribution of reflexions between photographs of the 
initial set as a square symmetric matrix with the 
element a o. Diagonal elements of this matrix corre- 
spond to the number of reflexions, the symmetry- 
related equivalents of which are recorded on the ith 
photograph, and non-diagonal elements correspond 
to the number of common reflexions, the equivalents 
of which are recorded on the ith andj th  photographs. 

According to Wonacott (1977), the reciprocal- 
lattice point is located on the surface of the Ewald 
sphere if the rotation angle of the crystal is determined 
a s  

q~h = COS - '  (-- a ' 2 / 2 ~ ) -  r, (17) 

where 

d,2 2 2 = Xo + Yo + Zo 2, 
~:= (xg+ y~)1/2, 

r = tan -j (yo/Xo), 
and values of Xo, Y0 and z0 can be found from the 
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equations 

Xo = ha* o + kb*xo + lc*xo, 

Yo = h a *  + kb*o + lC*o, 

Zo = ha* o + kb*zo + lc* o, 

where a*o, a*o, a*o; b*o, b*o, b*o; C*o, cy*, c* o are 
projections of the reciprocal-lattice vectors a*, b*, e* 
on the axes Xo, Yo and Zo. We define a standard 
orientation of the crystal at ~o = 0, when the Zo axis 
coincides with the rotation axis and the Xo axis 
coincides with the primary X-ray beam. 

Two solutions for ~h obtained from (17) corre- 
spond to the two rotation angles at which the 
reciprocal-lattice point intersects the sphere of 
reflexions. The reflexion is recorded on the ith photo- 
graph if 

~o < ~h~ <--- ~ ,  (18) 

where ~Pio and (~il are initial and final values of the 
rotation angle of the ith photograph. One should 
search for the distribution of the reflexions for the 
whole of reciprocal space of the given resolution 
although only some of the reciprocal-lattice points 
will answer the condition 0 - ~Phi --< ~Pmax. This problem 
can be solved with a multiplication of asymmetric 
points by symmetry operations. 

The matrix of the distribution of reflexions among 
the initial set of photographs allows us to calculate 
the number of structure factors added to the data set 
by any given photograph. The number of structure 
factors for the j th  photograph is 

M 

z~Ny(m)= ~'. a r k - ~ ,  aj,, (19) 
k= 1 l ~ j  

where M and m are the numbers of photographs in 
the initial set and the optimized structure-factor set, 
respectively; ajk  and a# are elements of the symmetric 
matrix. 

The value of the Lorentz factor in the rotation 
method is independent of the parameters of a photo- 
graph. Therefore the velocity of the points passing 
through the sphere is the same for the corresponding 
points of different photographs if the angular velocity 
of the crystal is not changed. In this case, the exposure 
time is proportional to the oscillation angle, A~pj, and 
the efficiency of photographs is determined as 

e j ( m ) =  aN. i (rn) /  a %. (20) 

In some special cases the strategy of surveying 
reciprocal space can provide a recording with over- 
laps between contiguous photographs. Such a strategy 
is needed when the lifetime of the crystal is compar- 
able with the exposure time of a photograph, or when 
it is desirable to obtain the maximum number of 
fully-recorded reflexions. The corresponding initial 
set will be similar to the initial set determined by (16) 
if each region of the overlap is considered as a separ- 

ate photograph. Therefore the efficiency of photo- 
graphs is calculated by the same formula (20). But 
each photograph of the structure-factor set will con- 
tain two or three photographs of the initial set. 

Results 

The algorithm for surveying reciprocal space has been 
tested during the planning of the data collection of 
different protein crystals using the screened pre- 
cession and rotation methods. The Nova-3/12 com- 
puter with 64 k byte core memory has been used. 

A compilation of the structure-factor set following 
the optimization procedure shows that the efficiency 
of a photograph decreases as the set completeness 
increases, being independent of the Laue group and 
dimensions of the unit cell of the crystal. At the same 
time the number of redundancy measurements for 
some reflexions increases. Let us call the ratio of the 
number of reflexions on the photograph to the number 
of structure factors in the data set the redundancy o f  
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Fig. 3. (a) Relative efficiency of photographs e,(m)/et(m) and (b) 
redundancy of measurements versus the completeness of the ~ 
data set for 7-crystallin IIIb. Solid line, precession method; 
dotted line, rotation method. 
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measurements. The ratio of the efficiency of the ith 
photograph inserted into the data set to the efficiency 
of the first photograph of the data set will be called 
the relative efficiency of  the ith photograph. The depen- 
dences of these values on the completeness of the 
structure-factor set are shown in Fig. 3. The curves 
are calculated for the eye-lens protein y-crystallin 
IIIb (P2~2~21, a = 58.7, b = 69.5, c = 116,9/~) at 3/~ 
resolution for the screened precession and rotation 
methods. As can be seen, these dependences are less 
pronounced if the completeness of the data set is less 
than 40%. This means that the connections between 
separate photographs are weak. In this ease the redun- 
dancy of the measurements can be explained by the 
symmetry of an individual photograph. If the value 
of r/is increased, the number of repeatedly recorded 
reflexions will increase and the connections between 
photographs will become stronger. Hence, the 
extension of the completeness of the structure-factor 
set can be used to bring the data to a common scale 
instead of using a perpendicular setting of the 
crystal (Colman, Jansonius & Matthews, 1972; 
Matthews, Fenna, Bolognesi, Schmid & Olson, 1979). 
The rapid increase of the redundancy of measure- 
ments at r /> 40% in the screened precession method 
can be explained by the insertion of high-symmetry 
hnl planes into the data set of y-crystallin IIIb, 
whereas at r /< 40% the data set contains only the 
h,h - n,l planes. 

The relationship between the completeness of the 
data set and the ratio of the total exposure time of 
the optimized set of photographs to that of the initial 
set T ( m ) / T ( M )  is shown in Fig. 4. The plots have 
been calculated for y-crystallin IIIb at different 
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Fig. 4. Relationship between the completeness and the total rela- 
tive exposure time T(m)/T(M) of the data set for y-crystallin 
IIIb in the rotation method. T(m), the total exposure time of 
the optimized set of photographs; T(M), the total time of the 
initial set of photographs. 

values of drnin  using only the rotation method. It is 
clear that all the curves are close to one another if 
dmi, > 2/~. The curve at dmi, = 1.5 A can be explained 
by the presence of a blind area at this resolution 
(Wonacott, 1977). For the rotation method, the asym- 
metric area has been shown to be exposed twice when 
the crystal rotates within the angle ~0max. Therefore 
the curves shown in Fig. 4 begin to change their 
curvature essentially if 50--- T ( m ) / T ( M )  -<60%. The 
corresponding values of r/ are from 75 to 90%. This 
feature is typical of  all Laue groups and is independent 
of  the dimensions of  the crystal unit cell 

Taking into account the fact that in many cases 
7/= 70-90% secures the reliability of the interpretable 
Fourier syntheses (Donald et al., 1979; Stammers & 
Muirhead, 1971; Howard, Xuong & Salemme, 1981; 
Leslie & Wonacott, 1983), we can suppose that r/= 
85% is close to the optimal value. It should be noted 
that the a priori 71 value can be obtained in the 
optimum way only with indispensable photographs 
of the initial set. Therefore, the intuitive selection of 
photographs for the data set very often leads to an 
increase of the exposure time. For instance, the com- 
pleteness , /=82.2% has been obtained for the 
glyceraldehyde 3-phosphate dehydrogenase crystal 
(Leslie & Wonacott, 1983), belonging to the Laue 
group mmm, by a crystal rotation through an angle 
of 62 °, whereas the selection of only optimized indis- 
pensable photographs for such r/ value lowers this 
angle to 49 ° . 

A comparison of some intuitive and optimized 
approaches to the collection of the protein data set 
by the rotation method is presented in Table 2. In 
the case of the optimized approach the exposed zone 
may contain a few separate parts. The number of 
these parts depends on the crystal symmetry and the 
resolution limit. If drain > 2" 5/~k the total value of the 
exposed zone does not exceed 50-60% of its 
maximum value. This means that the exposure time 
is shortened by about 50%. It should be noted that 
the completeness r /=85% is enough to bring the 
photographs to a common scale, even if the photo- 
graphs have not been overlapped in their angle ranges. 

Analogous results have been obtained using the 
screened precession method. A comparison of the 
intuitive and optimized approaches is given in Table 
3. In this case the given r/ value" for the optimal set 
ranged from 85 to 95% as follows from reference 
data. The optimization is seen to reduce the number 
of photographs to 30%. It should be noted that the 
reduction is much smaller for high-symmetry Laue 
groups and at a high resolution, because the planning 
of the data collection is simplified in these cases. The 
omission of zero-level planes belonging to families 
with high Miller indices is a peculiarity of the optim- 
ized approach in the screened precession method. 

Therefore, the optimum strategy of surveying 
reciprocal space allows us to decrease the exposure 



202 O P T I M A L  S T R A T E G Y  O F  S U R V E Y I N G  R E C I P R O C A L  S P A C E  

Protein and 
reference 
Apo-D-glyceralde- 
hyde 3-phosphate 
dehydrogenase 
(Murthy et al., 1980) 

Table  2. Comparison of non-optimized and optimized data sets for protein crystals obtained by rotation method 

Measured data sets 
(see references) Optimized data sets Exposure 

time gain, 
Maximal Rotation Total Rotation Total ( ~ , - ~ )  

R e s o l u t i o n  ro t a t ion  C o m p l e t e -  ang le  ro t a t ion  C o m p l e t e -  ang le  ro t a t i on  
Laue  l imi t  ang le  ness  r ange  area ,  ness ,  r a nge  area,  ~, 

g r o u p  (/~,) (°) 77 ( % )  (o) ¢,  (°) 77 ( % )  (o) ¢ ,  (o) ( % )  

1 3.0 180 100 0-99 (b*) 216 85 0-36 89 58.8 
0-117 (c*) 67-89 

115-146 

Methionyl-tRNA 2/m 2-5 90 96-8 0-90 90 85 47.8 
synthetase 
(Zelwer, Risler & 
Brunie, 1982) 

Glyceraldehyde m m m  2-5 90 82.2 0-62 62 85 ! 8-69 51 17.7 
3-phosphate 
dehydrogenase 
(Leslie & 
Wonacott, 1983) 

Pyruvate kinase m m m  2.6 90 91 0-47 (b*) 71 85 12-45 50 29.6 
(Stuart, Levine 0-24 (a*) 73-90 
Muirhead & 
Stammers, 1979) 

Phosphorylase b 4/mmm 3-0 45 97.5 0-45 45 85 9-34 25 44.4 
(Johnson, Stura, 
Wilson, Sansom 
& Weber, 1979) 

Beef liver catalase 3 m 2.5 30 96.8 0-30 30 85 ! 3-30 17 43.3 
(Murthy et aL, 
(1981) 

Thermolysin 6/mmm 1.6 30 92.0 0-30 30 85 26-7 
(Holmes & 
Matthews (1982) 

0-18 47 
43-74 

0-9 22 
14-27 

N o t e :  If not otherwise indicated the c axis of the crystal has been used as rotation axis. The oscillation angle za~o, is calculated to avoid overlapping of 
reflexions. The number of common reflexions of a photograph exceeds 150 for all optimized sets. 

Table  3. Comparison of non-optimized and optimized data sets for protein crystals obtained by screened precession 
method 

Protein and 
reference 

Pyruvate kinase 
(Stammers & 
Muirhead 1977) 

7-Crystallin Illb 
(Chirgadze, Sergeev, 
Fomenkova, Nikonov & 
Lunin, 1980) 

Lysozyme from 

Numbers of photographs in family planes 

Measured data (see references) Optimized set 

- -  I "~ -~ ( N ,  - N o )  

Gain 
in the 

number of 
photographs, 

- - ( % )  

mmm 3.1 85 0-4 0-6 0-7 0-10 - -  0-11 - -  43 0-5 0-7 0-9 1-4 I-2 30 30.2 

4/mram 4.8 95 0-I -- 0-2 0-2 0-5 -- -- 14 0-I -- 0-2 0-3 I-2 II 21.4 

bacteriophage T4 
(Remington et aL, 1978) 3 m 2.4 92 0-5 - -  0-5 . . . .  12 0-5 - -  0-5 - -  - -  12 0 

Bacteriochlorophyll 
a-protein 
(Matthews etaL, 1979) 6 / m  2.8 90 0-8 - -  0-9 - -  - -  - -  0-3 23 0-7 - -  0-11 - -  - -  20 13.0 

Thermolysin 
(Colman et aL, 1972) 6 / m m m  2.4 93 0-8 - -  0-8 - -  - -  - -  0-3 22 0-9 - -  0-7 - -  - -  18 22.2 

Note: The completeness of optimized sets is given in column 4. 
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t ime w i t h o u t  a de t e r io ra t i on  of  the qua l i ty  o f  the  
s t ruc tu re - fac to r  set. The  larges t  effect is o b t a i n e d  for  
crysta ls  w i th  a large  un i t  cell, crystals  h a v i n g  w e a k  
ref lexions  a n d  those  suffer ing f rom r a d i a t i o n  damage .  

We wish to thank Dr V. Lunin for valuable dis- 
cussions. 
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Abstract 
In a recent paper Mighell, Himes & Rodgers [Acta Cryst. 
(1983), A39, 737-740] reported the space-group frequency 
for nearly 30 000 organic compounds in the NBS Crystal 
Data Identification File [(1982). JCPDS, Swarthmore, PAl. 
When the frequencies tabulated by Mighell et al. for those 

* Supported in part by Research Grant No. GM20611 from the 
USPHS, national Institute for General Medical Sciences, and in 

space groups that do not contain any operations of the 
second kind are revised somewhat different results are 
obtained. (Numbers given by Mighell et al. are given in 
parentheses.): 75% (75%) of compounds fall into only five 
space groups: P21/c, 29.2% (36.0%), P212121, 18.8% 
(11.6%), P i ,  l l . l %  (13.7%), P21, 10.9% (6.7%) and 
C2/c, 5.4% (6.6%); 12(16) space groups account for 87% 
(90%) of the compounds. 
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